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• The friction increases with the amplitude at a fixed period.
• The friction anomalously increases and then decreases with the period.
• A theory is proposed to explain the simulation results.
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a b s t r a c t
Friction plays a critical role in the function and maintenance of small-scale structures, where the
conventional Coulomb friction law often fails. To probe the friction at small scales, here we present
a molecular dynamics study on the process of dragging graphene nanoribbons on waved graphene
substrates. The simulation shows that the induced friction on graphene with zero waviness is ultra-low
and closely related to the surface energy barrier. On waved graphenes, the friction generally increases
with the amplitude of the wave at a fixed period, but anomalously increases and then decreases with the
period at a fixed amplitude. These findings provide insights into the ultra-low friction at small scales, as
well as some guidelines into the fabrication of graphene-based nano-composites with high performance.
© 2015 The Authors. Published by Elsevier Ltd on behalf of The Chinese Society of Theoretical and
Applied Mechanics. This is an open access article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).cFriction is very important to the function and maintenance
of small scale structures due to their large specific area ratios.
Conventionally, the friction is described by the Coulomb law and
in linear proportion to the normal compressive force. However, the
Coulomb law often fails at small scales because the friction can
be coupled with adhesion or be significant even under a normal
tensile force [1]. Recently, significant scientific efforts have been
devoted to uncover the hidden principles for friction at small
scales [2], which, nevertheless, may have already been employed
in nature. For example, a large pretension in the spatula pad under
gecko toe can be induced through sliding movement, which can
lead to highly reversible adhesion of gecko adhesion [3].
Due to the remarkable properties [4–7] and probably also
the simplicity, the friction of graphene-based small scale struc-
tures has attracted extensive interests [8–12]. With atomic force
microscopy (AFM), the friction on SiO2 covered with a layer of
graphenewas found to bemuch lower than thatwithout graphene,
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latter [13]. The friction between an AFM tip and a graphene sub-
strate was showed to be mainly due to van der Waals force [13]. It
was reported that the friction of a supported graphene depends on
the supported height with a higher friction at a larger height [14].
Monte Carlo simulation indicated that the friction of a graphene
layer manifested with a stick–slip pattern [15]. For multiple layers,
the friction was found to be relatively stable and its average value
was relatively small [15].
A graphene layer is extremely flexible and can develop wavi-
ness on the surface due to thermal fluctuation [16–18]. The
waviness can also be introduced in a graphene layer through
mechanical compression or through cyclic heating and cool-
ing [19]. Such waviness can dramatically change the properties
of graphenes. For example, the electric conductivity of waved
graphenes decreased due to the separation of electrons while the
ferroelectricity could be highly improved [19]. The local chem-
istry of a waved graphene can even be different from a flat
graphene [19]. Waved graphene layers were also observed in
graphene based nano-composites [20].
Here, we employ the molecular dynamics method to simulate
the process of dragging graphene nanoribbons (GNRs) on graphene
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J. Fang et al. / Theoretical and Applied Mechanics Letters 5 (2015) 212–215 213Fig. 1. Variation of the friction with the width of the GNR at a fixed length, L = 12.7 nm (a), with the length of the GNR at a fixed width, W = 1.23 nm (b), with the
perimeter of the GNR (c) and with the area of the GNR (d). Solid line in plot (a) is a linear fit to the simulation results. Inset in plot (a) illustrates the dragging of a GNR on a
flat graphene substrate. Inset in plot (b) displays the stick–slip phenomenon observed in the simulation.substrates with or without waviness. We find that the friction of
GNRs on a suspended graphene layerwithoutwaviness is ultra-low
and proportional to the width of a GNR. We show that, on waved
graphenes, the friction generally increases with the amplitude of
the waves at a fixed period, but anomalously increases and then
intriguingly decreases with the period at a fixed amplitude. We
further develop a theory to explain the simulation results.
The molecular dynamics simulations are carried out with
LAMMPS. In all simulations, the reactive empirical bond order
(REBO) potential is adopted to describe the carbon–carbon
interaction within each layer [21], while the Lennard–Jones
potential with σcc = 3.4 Å and εcc = 0.00284 eV [22] is used
to describe the carbon–carbon interaction between neighboring
layers. In the simulation, the temperature of the system is
maintained at∼300 K.
We firstly investigate the dragging of a GNR on a flat graphene
substrate. The GNR has a width ofW and a length of L. As shown in
the inset of Fig. 1(a), the right edge of the GNR layer is horizontally
pulled at a constant velocity of 0.1 Å/ps. The calculated total
resisting force on the GNR along the pulling direction (inset of
Fig. 1(b)) has a period close to the size of the crystal lattice of a
graphene. Though local out-of-plane bending of nanoribbons may
be very small, local non-uniform in-plane shearing deformation of
nanoribbons is clearly observed in the simulation. In the slip phase,
local interaction energy between the nanoribbon and graphene
substrate is considered to be downhill, which leads us to believe
that the force trace shown in the inset of Fig. 1(b) involves unstable
slip motion. The friction calculated from the average value of the
negative peak of this resisting force along the pulling direction
within multiple periods is very small. Figure 1(a) shows that the
friction increases almost linearly with the width of the GNR ata slope of ∼0.15 nN/nm. Such a linear relation is robust. For
example, when W = 20 nm, the simulated friction is 3.11 nN. As
shown in Fig. 1(b), the friction initially increases with the length of
the GNRuntil it saturates for longGNRs. The dependence of friction
on perimeter or area will be affected by how these two parameters
change in the simulation. As indicated in Figs. 1(c) and (d), the
friction significantly scatters around a fixed perimeter or around
a fixed area, which leads us to conclude that the friction does not
correlate with either the perimeter or the area of GNRs.
We then investigate the dragging of a GNR on awaved graphene
substrate, as illustrated in the inset of Fig. 2(a). The waviness is
described by
z = A sin 2π
λ
x− A, (1)
where A is the amplitude and λ is the period. We vary A and λ
in the simulation. The total resisting force on the GNR along the
pulling direction is obtained in the simulation, which also exhibits
a stick–slip phenomenon (Fig. 2(b)). When A is relatively small, the
period of the stick–slip is close to the size of the crystal lattice of
a graphene. For a relatively large A, the period of the stick–slip
is close to the period of the wave. The friction is subsequently
calculated from the average value of the negative peak of the
resisting force along the pulling direction within multiple periods.
Similarly, we find that the friction is also very low. As shown in
Fig. 2(b), the friction generally increases with the amplitude of the
waves at a fixed period. As shown in Fig. 2(c), the friction increases
and then decreases with the period at a fixed amplitude. Figures
2(b) and (c) indicate that the friction of GNRs on waved graphenes
can be several times higher than that on flat graphene.
Recently, the peeling of a thin film adhering on a corrugated
substrate was investigated [23]. For the special case of a thin film
214 J. Fang et al. / Theoretical and Applied Mechanics Letters 5 (2015) 212–215Fig. 2. Dragging of GNRs on waved graphene substrates. (a) Schematics of dragging of a GNR on a waved substrate with 1 eV/Å being 1.6 nN; (b) time evolution of the total
resisting force on the GNR along the pulling directionwith λ = 1.5 nm; (c) variation of the frictionwith A; (d) variation of the frictionwith λ. In the simulation,W = 1.23 nm
and L = 12.7 nm are defaulted values.Fig. 3. Theoretical model for the friction of GNRs when being dragged along a
waved graphene substrate.
adhering on a flat substrate, the theoretical prediction [23] was
the same as that of the Kendall’s peeling model [24], which is
different from the current model. The Kendall’s peelingmodel [24]
predicts that the required pulling force for a GNR on a flat graphene
substrate, FK, is given by
FK =

2Eγ tW , (2)
where E is the Young’s modulus of a GNR, ∼1 TPa [4], γ is the
surface energy density, ∼0.16 N/m [25], and t is its thickness,
∼0.334 nm [23]. With Eq. (2), we find the Kendall’s prediction
would be at least one order of magnitude higher than our simu-
lation results in Fig. 1(a).
However, the ultra-low value of friction between GNRs and
the graphene substrate found in our simulation is consistent with
previous report of the inter-shell friction of double-walled carbon
nanotubes (DWCNT) [25]. In the process of pulling the inner tube
out of the DWCNT, it was suggested that the shear stress vanished
within the overlapped region and only the shear stress near the
edge of the tube was responsible for the intershell friction.To understand our simulation results, a simple model is
proposed. As schematically shown in Fig. 3, a dragging force, P ,
which is parallel to the pulling direction, is required to move a
GNR along a curved surface. As indicated in Fig. 1(b), the friction
force is saturated when the ribbon is longer than ∼6 nm, which
leads us to adopt a local criteria by assuming that the local friction,
f , is equal to the local energy barrier along the moving path,
1γ . Such a local energy theory to evaluate the friction force
can be similar to Griffith’s approach for a crack problem. Due to
the geometrical constraint, there may exist local normal force,
FN , along the interface. Based on the force equilibrium, we can
approximately get
P = α (1γ / cos θ)W , (3)
where θ is the angle between the local tangential direction of the
interface and the pulling direction and α reflects the edge effect,
which is∼1. Note that P may vary as the GNR is dragged along the
substrate and the friction is then taken to be
F = Max (P) . (4)
It should be pointed out that local normal force can affect local
1γ along the interface, which may also depend on the pulling
direction. For simplicity, let 1γ be a constant and α be 1, and we
get
F = Max [(1γ / cos θ)W ] . (5)
Suppose that a GNR can be in perfect contact with the underlying
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and is close to 1γ . For a flat graphene substrate, A = 0 and
F = 1γW , which is consistent with our simulation results shown
in Fig. 1(a). According to Fig. 1(a),1γ = 0.15 N/m. It is interesting
to note that the intershell cohesive energy density of DWCNT is
∼0.16 N/m [25]. We attribute the variation of friction with the
length of the GNR at small lengths in the simulation (Fig. 1(b)) to
the size effect.
According to Eq. (6), the friction on a waved graphene substrate
increases with the amplitude, which is consistent with the results
given in Fig. 2(c). However, the friction should decease with the
period according to Eq. (6), which is not consistent with the results
shown in Fig. 2(d). When quantifying surface roughness with the
average absolute slope of the surface profile within a sampling
length, the roughness of the waved graphene substrate would
increase with the amplitude at a fixed period and decrease with
the period at a fixed amplitude. Thus, Fig. 2(d) indicates that
the friction anomalously increases and then decreases with the
roughness. As observed in simulations, the GNR can only attach
to the top part of the waved graphene when the period of the
waved graphene substrate is too small. In fact, the friction on
such a graphene substrate approaches to that on a flat graphene
substrate, as seen in Fig. 2(d). Thus, the inconsistency between the
simulation and the theory is because that the GNR cannot make
perfect contact with the substrate when the period of the waved
graphene substrate is very small.
In conclusion, the process of dragging a GNR on graphenes
with or without waviness is investigated withmolecular dynamics
simulation. It is found that the induced friction per unit width on
GNRs in the current analysis is approximately the surface energy
on graphenes without waviness. On waved graphenes, the friction
on GNRs generally increases with the amplitude of the waves at a
fixed period, but anomalously increases and then decreases with
the period at a fixed amplitude. These results cannot be explained
by the conventional Coulomb friction law or the Kendall’s
model [24]. This work should help understand the friction at small
scales, as well as provide some guidance in fabricating graphene-
based nano-composites with high performance.
Acknowledgments
Hui Pan thanks the support of the Science and Technol-
ogy Development Fund from Macau SAR (FDCT-068/2014/A2 and
FDCT-132/2014/A3) and Multi-Year Research Grants (MYRG2014-
00159-FST and MYRG2015-00017-FST) from Research & Develop-
ment Office at University of Macau. Bin Chen thanks the support
of the National Natural Science Foundation of China (Grant No.11372279). Bin Chen also thanks Dr. Qunyang Li for helpful dis-
cussions.
References
[1] X.-Z. Liu, Q. Li, P. Egberts, et al., Nanoscale adhesive properties of graphene:
the effect of sliding history, Adv. Mater. Interfaces 1 (2014) 1–9.
[2] Y. Mo, K.T. Turner, I. Szlufarska, Friction laws at the nanoscale, Nature 457
(2009) 1116–1119.
[3] B. Chen, P. Wu, H. Gao, Pre-tension generates strongly reversible adhesion of
a spatula pad on substrate, J. R. Soc. Interface 6 (2009) 529–537.
[4] P.A. Dawson, R.B. Gordon, D.T. Keough, et al., Measurement of the elastic
properties and intrinsic strength of monolayer graphene, Mol. Genet. Metab.
85 (2005) 78–80.
[5] W. Gao, R. Huang, Thermomechanics of monolayer graphene: Rippling,
thermal expansion and elasticity, J. Mech. Phys. Solids 66 (2014) 42–58.
[6] Y.M. Lin, C. Dimitrakopoulos, K.A. Jenkins, 100-GHz transistors from wafer-
scale epitaxial graphene, Science 327 (2010) 662.
[7] Y. Han, Z. Xu, C. Gao, Ultrathin graphene nanofiltration membrane for water
purification, Adv. Funct. Mater. 23 (2013) 3693–3700.
[8] C. Lee, X. Wei, Q. Li, Elastic and frictional properties of graphene, Phys. Status
Solidi B 246 (2009) 2562–2567.
[9] T. Filleter, J.L. Mcchesney, A. Bostwick, Friction and dissipation in epitaxial
graphene films, Phys. Rev. Lett. 102 (2009) 086102.
[10] Q. Li, C. Lee, R.W. Carpick, et al., Substrate effect on thickness-dependent
friction on graphene, Phys. Status Solidi B 247 (2010) 2909–2914.
[11] A. Klemenz, L. Pastewka, S.G. Balakrishna, Atomic scalemechanisms of friction
reduction and wear protection by graphene, Nano Lett. 14 (2014) 7145–7152.
[12] Q. Li, K.-S. Kim, Micromechanics of friction: effects of nanometre-scale
roughness, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 464 (2008)
1319–1343.
[13] Z. Deng, N.N. Klimov, S.D. Solares, Nanoscale interfacial friction and
adhesion on supported versus suspendedmonolayer andmultilayer graphene,
Langmuir 29 (2013) 235–243.
[14] M. Reguzzoni, A. Fasolino, E. Molinari, et al., Friction by shear deformations in
multilayer graphene, J. Phys. Chem. C 116 (2012) 21104–21108.
[15] H. Washizu, S. Kajita, M. Tohyama, Mechanism of ultra low friction of
multilayer graphene studied by coarse-grainedmolecular simulation, Faraday
Discuss. 156 (2012) 279–291.
[16] J.C. Meyer, A.K. Geim, M.I. Katsnelson, The structure of suspended graphene
sheets, Nature 446 (2007) 60–63.
[17] V. Geringer, M. Liebmann, T. Echtermeyer, Intrinsic and extrinsic corrugation
of monolayer graphene deposited on SiO2 , Phys. Rev. Lett. 102 (2009) 076102.
[18] A. Deshpande, W. Bao, F. Miao, et al., Spatially resolved spectroscopy of
monolayer graphene on SiO2 , Phys. Rev. B 79 (2009) 205411.
[19] H. Pan, B. Chen, Ultra-flexibility andunusual electronic,magnetic and chemical
properties of waved graphenes and nanoribbons, Sci. Rep. 4 (2014).
[20] Z. Liu, Z. Li, Z. Xu, Wet-spun continuous graphene films, Chem. Mater. 26
(2014) 6786–6795.
[21] Y. Wei, B. Wang, J. Wu, et al., Bending rigidity and gaussian bending stiffness
of single-layered graphene, Nano Lett. 13 (2012) 26–30.
[22] B. Chen, M. Gao, J.M. Zuo, Binding energy of parallel carbon nanotubes, Appl.
Phys. Lett. 83 (2003) 3570–3571.
[23] Z.H. Ni, H.M. Wang, J. Kasim, Graphene thickness determination using
reflection and contrast spectroscopy, Nano Lett. 7 (2007) 2758–2763.
[24] K. Kendall, Thin-film peeling-the elastic term, J. Phys. D: Appl. Phys. 8 (1975)
1449.
[25] R. Zhang, Z. Ning, Y. Zhang, Superlubricity in centimetres-long double-walled
carbon nanotubes under ambient conditions, Nat. Nanotechnology 8 (2013)
912–916.
